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1. Introduction
Let X be a smooth complex variety and a be a non-zero ideal sheaf on X . Let μ : Y → X be a
log resolution of a with μ∗a · OY = OY (−F ) where F is a simple normal crossing divisor. Then for
any non-negative rational number λ, one can deﬁne the multiplier ideal J (aλ) = J (X,aλ) of a with
weighting coeﬃcient λ as
J (aλ)= J (X,aλ)= μ∗OY
(
KY /X − λF
)⊆ OX .
It does not depend on the choice of the log resolution μ. We refer to the book [Laz04] of Lazarsfeld
for a comprehensive introduction to multiplier ideals. See also the report [EM06] of Ein and Mustat¸aˇ
on recent developments.
In recent years, there has been some interest in ﬁnding local properties of multiplier ideals to un-
derstand how special they are among all ideal sheaves. Multiplier ideals are always integrally closed.
The converse does not hold in general. On surfaces, Lipman and Watanabe [LiW03] and Favre and
Jonsson [FJ05] showed that integrally closed ideals can be locally realized as multiplier ideals. But in
[LL07], Lazarsfeld and Kyungyong Lee proved a surprising result on the local syzygies of multiplier
ideals. In particular their result implies multiplier ideals are very special among the integrally closed
ideals if the dimension of X is greater than two.
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restriction to general hypersurfaces passing through ﬁxed points. In [Lee], we studied the depths of
multiplier ideals under the assumption that the lengths of constancy are positive. Let us recall the
deﬁnition of length of constancy.
Deﬁnition 1.1. (See Deﬁnition 1.1 in [Lee].) Let X be a smooth variety. Let a be a non-zero ideal sheaf
on X and let λ be a non-negative rational number. Let x be a closed point of X and mx be the
maximal ideal sheaf at x. Deﬁne the length of constancy cx(aλ) of a with weighting coeﬃcient λ, or
aλ , at x to be a non-negative integer
cx
(
aλ
) :=max{n ∈ Z0
∣∣ J (mnx · aλ
)
x = J
(
aλ
)
x
}
.
Roughly, cx(aλ) measures the “singularity” of aλ at x. One may say that aλ becomes more singular
as cx(aλ) approaches to zero.
The following is the main theorem in [Lee]. It seems that the length of constancy appears natu-
rally if we want to study local properties of multiplier ideals using the so-called restriction theorem
(cf. Theorem 2.5).
Theorem 1.2. (See Theorem 1.2 in [Lee].) Let X be a smooth quasi-projective variety of dimension d  2. Let
a be a non-zero ideal sheaf on X and let λ be a non-negative rational number. Let x be a closed point of X .
Suppose that cx(aλ) > 0 holds. Then, for every general hypersurface H containing x,
cx
(
aλ
)= 1+ cx
(
(aH )
λ
)
(1.1)
and
depthx,X J
(
aλ
)= 1+ depthx,H J
(
(aH )
λ
)
(1.2)
hold where aH is the image of a in OH .
In general one would expect that the length of constancy is zero. When it occurs, the following
theorem, which is our main result, shows how the length of constancy and depth behave under
restriction.
Theorem 1.3. Let X be a smooth quasi-projective variety of dimension d  2. Let a be a non-zero ideal sheaf
on X and let λ be a non-negative rational number. Let x be a closed point of X . Suppose that cx(aλ) = 0 holds.
Then, for every general hypersurface H containing x,
cx
(
(aH )
λ
)= 0 (1.3)
and
depthx,H J
(
(aH )
λ
)= 1 (1.4)
hold where aH is the image of a in OH .
As an application of the previous theorem we state a geometric restriction imposed on the ideals
in the ﬁltration {J (mkx · aλ)}k when cx(aλ) = 0 holds.
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on X and let λ be a non-negative rational number. Let x be a closed point of X and let mx be the maximal ideal
sheaf at x. Suppose that cx(aλ) = 0 holds. Then, for every general hypersurface H containing x and k 1,
J (mk+1x · aλ
)
x + Ox,X (−H)  J
(
mkx · aλ
)
x + Ox,X (−H)
holds.
For example, if J (aλ)x = Ox,X and J (mx · aλ)x = mx,X , then the scheme in X associated to J (m2x ·
aλ) contains at least two different non-reduced length two subschemes supported at x. Otherwise,
the image of J (m2x · aλ) in OH will coincides with the image of J (mx · aλ) in OH whenever H does
not contain the unique length two subscheme at x.
In this note we work over the ﬁeld of complex numbers.
2. Review of depth and multiplier ideals
2.1. Depth
First, we recall the depth.
Deﬁnition 2.1. Let R be a Noetherian commutative ring with unity. Let I be an ideal of R . Let M be
a ﬁnite R-module with IM = M . A sequence of elements a1, . . . ,an in I is said to be an M-regular
sequence in I if for all i = 0, . . . ,n − 1,
(
(a1, . . . ,ai)M : ai+1
)∩ M = (a1, . . . ,ai)M.
Here (a1, . . . ,ai)M = 0 for i = 0 by convention. The length of a (or any) maximal M-regular sequence
in I is called the depth of M in I and denoted by
depth(I,M).
The following characterization of depth is well known.
Proposition 2.2. Let R be a Noetherian commutative ring with unity. Let I be an ideal of R. Let M be a ﬁnite
R-module with IM = M. Then
depth(I,M) =min{n ∣∣ ExtnR(R/I,M) = 0
}
.
Deﬁnition 2.3. Let X be a variety. Let F be a sheaf of OX -module. Let x be a closed point of X .
Suppose that x is contained in the support of F . Then we deﬁne the depth depthx F of F at x as
depthx,X F := depth(mx,X ,Fx),
where (Ox,X ,mx,X ) is the local ring at x and Fx is the stalk of F at x.
2.2. Multiplier ideals
The following proposition is well known.
Proposition 2.4. Let a and b be ideal sheaves on a smooth variety X. Then, for any non-negative rational
number λ, we have
a · J (bλ)⊆ J (a · bλ).
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rem 9.5.1 in [Laz04]).
Theorem 2.5. (See Theorem 1.6 in [Lee07].) Let X be a smooth quasi-projective variety of dimension d  2.
Let a be a non-zero ideal sheaf on X and let λ be a non-negative rational number. Let x be a closed point of
X and let mx be the maximal ideal sheaf at x. Then, for any general hypersurface H containing x, we have the
following commutative diagram
0 OX (−H) ι OX π OH 0
0 OX (−H) ⊗ J
(
aλ
) J (mx · aλ
) J ((aH )λ
)
0
where aH ⊂ OH is the image of a in OH , ι and vertical maps are the natural inclusions, and π is the natural
surjection.
In the corollary below, (2.1) was observed in [Lee07].
Corollary 2.6.With the same notations and assumptions as in Theorem 2.5, we have
OX (−H) ⊗ J
(
aλ
)= OX (−H) ∩ J
(
mx · aλ
)
. (2.1)
Or, equivalently,
J (aλ)= (J (mx · aλ
) :OX OX (−H)
)
. (2.2)
In particular, we have
J (aλ)= (J (mx · aλ
) :OX mx
)
. (2.3)
Proof. Since the diagram in Theorem 2.5 commutes, OX (−H) ∩ J (mx · aλ) is the kernel of the re-
striction of π to J (mx · aλ). So (2.1) holds. The following equality shows that (2.1) and (2.2) are
equivalent.
OX (−H) ∩ J
(
mx · aλ
)= OX (−H) ⊗
(J (mx · aλ
) :OX OX (−H)
)
.
Proposition 2.4 implies that
J (aλ)⊆ (J (mx · aλ
) :OX mx
)
.
Since (J (mx · aλ) :OX mx) ⊆ (J (mx · aλ) :OX OX (−H)), (2.2) implies (2.3). 
3. Proofs
In this section, we give the proofs of the results stated in the introduction. To do so we will need
to know when an ideal has depth one and when the length of constancy is zero.
The proposition below gives us a useful characterization of an ideal with depth one in terms of an
ideal quotient.
Proposition 3.1. Let (R,m) be a regular local ring of dimension dim R  2. Let I be a non-zero ideal of R. Then
the followings are equivalent.
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(2) depth(m, R/I) = 0.
(3) I  (I :R m).
Proof. First we note that since R is an integral domain depth(m, I) 1. Since R is regular of dimen-
sion at least two, ExtiR(k, R) = 0 for i  1 where k = R/m. Then the equivalence of (1) and (2) follows
from the exact sequence
Ext0R(k, R) → Ext0R(k, R/I) → Ext1R(k, I) → Ext1R(k, R)
and Proposition 2.2. We have
Ext0R(k, R/I) ∼= (I :R m)/I.
Hence (2) and (3) are equivalent by Proposition 2.2. 
The proof of the following proposition is also similar, so we omit it.
Proposition 3.2. Let (R,m) be a regular local ring of dimension dim R  3. Let I be a non-zero ideal of R and
let x ∈ I be a non-zero element with (x)  I . Then the followings are equivalent.
(1) depth(m, I) = 1.
(2) depth(m, I/(x)) = 1.
Next, note that since the depth of an ideal in an integral domain is always positive, Theorem 1.2
implies that the inequality
depthx,X J
(
aλ
)
> cx
(
aλ
)
(3.1)
holds by induction on dimension. In particular, if depthx,X J (aλ) = 1 then cx(aλ) = 0. But the converse
is not true in general (see Example 3.10 in [Lee]). In Proposition 3.3 below “(1) ⇒ (2)” was proven
in [Lee] and the rest of it was implicit. However we provide a proof this time using (2.3) for the
convenience of readers.
Proposition 3.3. Let X be a smooth quasi-projective variety of dimension d  2. Let a be a non-zero ideal
sheaf on X and let λ be a non-negative rational number. Let x be a closed point of X and mx be the maximal
ideal sheaf at x. Then the following are equivalent.
(1) cx(aλ) = 0.
(2) depthx,X J (mx · aλ) = 1.
In particular, we have
cx
(
aλ
)=min{k ∈ Z0
∣∣ depthx,X J
(
mk+1x · aλ
)= 1}.
Proof. Suppose that cx(aλ) = 0 holds. From (2.3), we have
0 = J (aλ)x/J
(
mx · aλ
)
x
= (J (mx · aλ
)
x :Ox,X mx,X
)
/J (mx · aλ
)
x
= Ext0O
(Ox,X/mx,X ,Ox,X/J
(
mx · aλ
) )
.x,X x
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depthx,X J
(
mx · aλ
)
x = depthx,X J
(
aλ
)
x > 1
by (3.1). The second statement follows from the fact that cx(mkx · aλ) = cx(aλ) − k holds for any 0 
k cx(aλ). 
Now we give the proof of Theorem 1.3
Proof of Theorem 1.3. If dim X = 2, then (1.3) and (1.4) hold trivially. So, we assume that dim X  3.
(1.3) follows from (1.4) and (3.1), and we have
depthx,H J
(
(aH )
λ
)= 1
⇔ depthx,H OH/J
(
(aH )
λ
)= 0
⇔ depthx,X OH/J
(
(aH )
λ
)= 0
⇔ depthx,X OX/
(J (mx · aλ
)+ OX (−H)
)= 0
⇔ depthx,X
(J (mx · aλ
)+ OX (−H)
)= 1
by Proposition 3.1 and Theorem 2.5. So, to prove Theorem 1.3, it will be enough to show that
depthx,X
(J (mx · aλ
)+ OX (−H)
)= 1
holds.
Claim 3.4.We keep the same notations and assumptions. Then there exists a positive integer n such that
depthx,X
(J (mx · aλ
)+ OX (−nH)
)= 1
holds.
Proof. Suppose that
J (aλ)x ⊆ J
(
mx · aλ
)
x + Ox,X (−nH)
holds for all n > 0. Then
J (aλ)x/J
(
mx · aλ
)
x ⊂ mnx,X
for all n > 0 where mx,X is the image of mx,X in Ox,X/J (mx · aλ)x . Then, since ⋂∞n mnx,X = 0,
J (aλ)x = J
(
mx · aλ
)
x
holds. But this contradicts cx(aλ) = 0. Hence there exits a positive integer n satisfying
J (aλ)x ⊆ J
(
mx · aλ
)
x + Ox,X (−nH).
Then
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)
x + Ox,X (−nH)  J
(
aλ
)
x + Ox,X (−nH)
⊆ (J (mx · aλ
)
x + Ox,X (−nH) :Ox,X mx,X
)
where the second inclusion follows from Proposition 2.4. So the claim follows from Proposi-
tion 3.1. 
Let n be the smallest positive integer satisfying the condition of the claim above. We will derive a
contradiction assuming that n > 1. First, suppose that
depthx,X
OX (−H) ∩ J (mx · aλ) + OX (−nH)
OX (−nH) > 1
holds. Consider
0→ OX (−H) ∩ J (mx · a
λ) + OX (−nH)
OX (−nH)
→ J (mx · a
λ) + OX (−nH)
OX (−nH) →
J (mx · aλ) + OX (−H)
OX (−H) → 0.
We have
1= depthx,X J
(
mx · aλ
)+ OX (−nH)
= depthx,X
J (mx · aλ) + OX (−nH)
OX (−nH)
by Proposition 3.2. So from the long exact sequence of ExtiOx,X (Ox,X/mx,X ,∗) run on the short exact
sequence above, Proposition 2.2, and Proposition 3.2, we obtain
1= depthx,X
J (mx · aλ) + OX (−H)
OX (−H)
= depthx,X J
(
mx · aλ
)+ OX (−H).
But this contradicts the minimality of n since n > 1. Now suppose that
depthx,X
OX (−H) ∩ J (mx · aλ) + OX (−nH)
OX (−nH) = 1
holds. From (2.1) and Proposition 3.2, we have
depthx,X
OX (−H) ∩ J (mx · aλ) + OX (−nH)
OX (−nH) = 1
⇔ depthx,X OX (−H) ∩ J
(
mx · aλ
)+ OX (−nH) = 1
⇔ depthx,X OX (−H) ⊗ J
(
aλ
)+ OX (−nH) = 1
⇔ depthx,X J
(
aλ
)+ OX
(−(n − 1)H)= 1.
Then since n is minimal,
J (mx · aλ
)+ OX
(−(n − 1)H)  J (aλ)+ OX
(−(n − 1)H)
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0→ J (mx · aλ
)+ OX
(−(n − 1)H)→ J (aλ)+ OX
(−(n − 1)H)→ Q → 0.
Since SuppJ (aλ)/J (mx · aλ) = {x}, Q is a non-zero OX -module with an isolated support at x, hence
depthx,X Q = 0.
So from the long exact sequence of ExtiOx,X (Ox,X/mx,X ,∗) run on the short exact sequence above and
Proposition 2.2, we obtain
depthx,X J
(
mx · aλ
)+ OX
(−(n − 1)H)= 1.
But again this contradicts the minimality of n. 
Next we prove Proposition 1.4.
Proof of Proposition 1.4. Proposition 3.3 and (3.1) imply that if cx(aλ) = 0 then cx(mx · aλ) = 0 holds
and so on. So it is enough to prove the case when k = 1.
Let mx/H be the image of mx in OH and let mx,H be the stalk of mx/H at x. From our assumption,
Theorem 1.3, and Proposition 3.3, we know that
depthx,H J
(
mx/H · (aH )λ
)= 1.
Then
J (mx/H · (aH )λ
)
x 
(J (mx/H · (aH )λ
)
x :Ox,H mx,H
)
by Proposition 3.1. Since
J ((aH )λ
)
x =
(J (mx/H · (aH )λ
)
x :Ox,H mx,H
)
holds by (2.3), it implies that J (mx/H · (aH )λ)x  J ((aH )λ)x , hence by Theorem 2.5,
J (m2x · aλ
)
x + Ox,X (−H)  J
(
mx · aλ
)
x + Ox,X (−H). 
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